Abstract: In this paper, we construct a covariant differential calculus on quantum plane with two-parametric quantum group as a symmetry group. The two cases d 2 = 0 and d 3 = 0 are completly established. We also construct differential calculi n = 2 and n = 3 nilpotent on super quantum space with one and two-parametric symmetry quantum supergroup.
Introduction:
A non-commutative quantum (super) space [1, 2] is an unital, associative algebra with a quantum (super) group as a symmetry group. These objects [3, 4] have enriched the arena of mathematics and mathematical physics: they appear in the context of theory of knots and braids [5] , as well as in the study of Yang-Baxter equations [6] . Quantum (super) groups are deformations of the enveloping (super) algebra of classical Lie groups in the sense that one recovers the classical (super) commutator when the deformation parameters go to some particular values. Usually the generators of a quantum (super) group are assumed to commute with the non-commuting coordinates of the corresponding (super) plane. As a consequence, the quantum (super) plane admits a quantum group as a symmetry group with only one parameter: (GL q (1/1)) GL q (2) [7] . More generally, one can obtain a multiparametric quantum (super) group, if one relaxes this property (commutation between space coordinates and group generators), namely, GL p,q (1/1) [8] and GL p,q (2) [9] respectively in the two dimensional quantum superplane and quantum plane cases.
Many authors [8, 10, 11, 12, 13, 14, 15] have also studied differential calculus with nilpotency n = 2 on (super) space with one and two-parameter (super) group as symmetry groups. An adequate way leading to generalization of this ordinary differential calculus arises from the graded differential algebra [16, 17, 18, 19] . The later involves a complex parameter that satisfies some conditions allowing to obtain a consistent generalized differential calculus. The most important property of this calculus is that the operator "d"
and it contains as a consequence, not only first differentials dx i , i = 1.........n, but involves also higher order differentials d j x i , j = 1.....m − 1. In this paper, we construct covariant differential calculus d 3 = 0 on some quantum (super)spaces with one or two-parametric quantum group as a symmetry group. We will show that our differential calculus is covariant under the algebra with a quantum group structure. The complex j, which appears in Leibniz rule, is third-root of unity and will be an interesting and non trivial aspect of the differential calculus that we will introduce. This paper is organized as follows:
In section 2 we start by recalling the two-parameter quantum group acting on a two-dimensional quantum plane. We also establish n = 2 and n = 3 covariant differential calculi on this space following R. Coquereaux approach [14, 15] . It will be noticed that some modifications have been brought up to this approach in order to adapt it to the two-parameter quantum group symmetry and the n = 3 differential calculus. In section 3, the same method will be applied to construct the n = 2, n = 3 covariant differential calculus on 1 + 1-dimensional superspace with one parameter quantum supergroup as a supersymmetry group. In section 4 we generalize the results of section 3 by taking the two-parameter quantum group acting covariantly on the superspace.
2 Differential calculus on two-parametric quantum plane.
Preliminaries
The two dimensional quantum plane is an associative algebra generated by two non-commuting coordinates x and y [1, 2, 14] satisfying the relation:
In order to have a two-parameter quantum group GL p,q ′ (2) as a symmetry group of such a space [9] , one must assume that the coordinates do not commute in general with elements defining this group.
Indeed, for a generic element T = a b c d of GL p,q ′ (2), the relations between the matrix entries and the coordinates are assumed [9] to be: xa = q 11 ax ya = q 21 ay xb = q 12 bx yb = q 22 by xc = q 13 cx yc = q 23 cy (2) xd = q 14 dx yd = q 24 dy.
The coordinates x and y transform under T and t T (transposed matrix) as:
The requirement that the transformed coordinates obey a similar relation as eq (1) (not necessarily with the same deformation parameter q) i.e.
and
implicates further constraints on the involved parameters:
for some non zero p, q ′ with pq ′ = −1,
One can check that the matrix T = a b c d is indeed an element of the quantum group GL p,q ′ (2) and is consistent with Hopf algebra structures [9] . For supplementary properties and results concerning the quantum group GL p,q ′ (2) see for example [13] . It is clear that many quantum planes could be associated to this twoparameter quantum group, depending on choices of q ij 's. In the following, we shall confine our selves to the case − q = q, which corresponds to the standard definition of the quantum plane.
Differential calculus with nilpotency
Our aim in this section, is to construct a differential calculus on the previously defined quantum plane. We proceed using the same approach as the one adopted in [14, 15, 19] .
We start by defining the exterior differential "d" which satisfies the usual properties, namely:
i/ Linearity ii/Nilpotency
iii/ Leibniz rule
where u ∈ Ω n . Ω n is the space of forms with degree n,
Ω 0 is the algebra of functions defined on the quantum plane. We have also:
From the eq(2), we deduce:
One can write a priori xdx, xdy, ydx, and ydy in terms of (dx)x, (dy)x, (dx)y and (dy)y, by mean of 16 unknown coefficients [14] . Imposing the covariance of the obtained relations under GL p,q ′ (2), and differentiating eq(1), permit to fix 15 of the 16 unknown coefficients. The associativity of the expression (xdx)y = x(dxdy) enables us to fix the last unknown parameter.
We notice that in the usual case Gl q (2) this approach yields directly to the desired differential calculus. However, when GL p,q ′ (2) is a symmetry group, we obtain additional conditions on the parameters k and q ′ :
Then eq(6) becomes:
So, the covariant differential calculus is given by:
and the differential algebra is Ω q,p
x,y = {x, y, dx, dy}. It is remarkable that the differential calculus on the quantum plane with GL q (2),as a symmetry group [11, 12, 14] , can be obtained from the twoparameter one eq(11) in the p → q limit.
As it is known, the nilpotent differential calculus can be extended to higher orders, as there is no reason to constrain this one to n = 2 nilpotency [16, 17, 18, 19, 20, 21] . It is remarkable that the case n = 3 differential calculus was applied to introduce an interesting (what we shall call) "Higher order gauge theories" [17, 18, 19] .
In the following section, we generalize the differential calculus on the quantum plane with one-parameter symmetry group [19] to the two-parameter one, this is done by extending the n = 2 differential calculus obtained here to n = 3 case.
Let us introduce the differential operator "d" that satisfies the following conditions:
i/ Linearity ii/ Nilpotency
ii/ Leibniz rule
where j is the cubic root of unity: j = e 
these are "forms" with degree two. In order to ensure the covariance of the differential calculus under the two-parameter symmetry group GL p,q ′ (2), we proceed as in the previous section. However, instead of the last step where we have used the associativity property, we shall use the independence between the two different 2-forms z d 2 z ′ and dz dz ′ , where z, z ′ = x, y. Later, we will discuss how to recover this property (see remark 2 below).
The same constraints on q ′ and k eq(9) are recovered, thus the q ij 's are the same as in eq(10). The covariant differential calculus is:
Remarks:
1− A realization of "d" in terms of partial derivatives:
permits us to have (dx) 3 = (dy) 3 = 0 [19] . 2−We note that the differential algebraΩ q,p x,y defined above is not associative. One can recover this property if it is imposed to find the last parameter defining the differential calculus (see section2.2). The price for this is to have (dx) 2 = (dy) 2 = 0 and the first five formulae in eq(12) become the same as in eq(11), the remaining ones can be deduced easily by differentiating these latters.
3− The results of [19] can be recovered in the limit p → q (eq (12)). 4− In the particular case, where q = j and p → q, we obtain the differential calculus on the reduced quantum plane [14, 19] and the differential algebra is associative.
An important question arises at this step is how to adapt the technics applied in subsections (2.2) and (2.3) to quantum superplane. This will be develloped in the next section.
3 Differential calculus on a one-parameter quantum superplane.
3.1 n = 2 Differential calculus.
The 1 + 1 dimensional quantum superspace, in Manin ′ s approach [2, 7] , is an algebra generated by a bosonic and a fermionic coordinate satisfying the relations:
In analogy with the quantum plane, a symmetry supergroup of this space is GL q (1/1), and a generic element of this supergroup is a supermatrix: T = a β γ d , where a, d are bosonic element commuting with x and θ while β, γ are fermionic elements commuting with x, anticommuting with θ and obeying the following relations:
These relations can also be obtained by imposing the invariance of eqs (14, 15) under T and
Many authors studied the differential calculus on this superspace [8, 10, 22] . Here we construct the differential calculus based on the same technic adopted by R.Couquereaux [14] which is used in the previous section, with however, some modifications to adapt it to this superspace. We introduce an exterior differential operator "d" satisfying the properties:
where the parity ∧ λ = 0, 1 respectively, if λ is a bosonic or a fermionic element. ii/ Nilpotency
iii/Leibniz rule
where ∧ u is the parity of u and degu is the degree of the differential form u. Note that consistency requires that dθ commute with a, d, β, γ and dx commute with a, d and anticommute with β, γ.
The same method applied in section 2.2 yields to:
so, the differential algebra is noted Ω q x,θ = {x, θ, dx, dθ}. As in section 2.3, one can apply the same method to extend the differential calculus on the superspace to higher orders (d 3 = 0). This is the aim of the next section.
3.2
Differential calculus on superspace with nilpotency n = 3 (d 3 = 0).
We proceed as in section 2.3, in order to construct the n = 3 covariant differential calculus on superspace. We introduce a differential operator "d" satisfying the usual requirements, namely: linearity is the same as in eq (17), the nilpotency will be changed to n = 3 (d 3 = 0) and the Leibniz rule eq(18) becomes:
The resulting differential algebraΩ q x,θ is generated by, x, θ, dx, dθ, d 2 x and d 2 θ satisfying:
Let us point out that the differential algebraΩ q x,θ is not associative, unless q = j. In the case q = j, one can recover this property by following the same steps mentioned in remark (2) in section 2.3 with the adequate modifications.
4 Differential calculus on a two-parameter quantum superplane.
4.1 Differential calculus with nilpotency n = 2, (d 2 = 0).
In this section, we generalize the results of section 3, in the sense that we choose a two-parametric quantum supergroup GL p,q ′ (1/1) as a symmetry group for the superplane eqs (14, 15) . This group will be introduced using the same method as in section 2 [8, 9] .
The entries of a matrix element T = a β γ d of GL p,q ′ (1/1) satisfy the following non trivial relations:
As it is done in section 2 this superspace is covariant under T and st T (super-transpose), and the analogous of eq(2) are: xa = q 11 ax θa = q 21 aθ xβ = q 12 βx θβ = −q 22 βθ xγ = q 13 γx θγ = −q 23 γθ (23) xd = q 14 dx θd = q 24 dθ, where:
We are interested in establishing a covariant differential calculus on this superspace in the case − q = = q = q. To realize this construction, for n = 2, we introduce a differential operator "d" verifying the same properties as in section 3.2 (Linearity eq(17), nilpotency and Leibniz rule eq(18)). The differential algebra Ω p,q x,θ = {x, θ, dx, dθ} is generated by the following relations:
We have used q ′ = q and k = q p , which, as in eq (9), are consequences of the requirement of the covariance of Ω p,q x,θ under GL p,q ′ (1/1). As expected, in the limit p → q, we recover Ω q x,θ and relations eq(19). In this paper, we have constructed differential calculi on some quantum (super)spaces. Namely, the n = 2 and n = 3 nilpotent differential calculi on the quantum plane with two parametric quantum group (GL p,q (2)) as a symmetry group was obtained. We have also considered two cases of quantum super-plane related to the one and two-parametric quantum super-groups GL q (1|1) and GL p,q (1|1), as symmetry groups, respectiveley. The relative n = 2 and n = 3 differential calculi was also established. In genral, the differential calculus can be applied to formulate gauge field theories [23, 24, 25] . As a consequence, the results obtained here permit us to construct gauge theories on the corresponding non-commutative spaces [26] . Indeed, for the quantum space (section 2), this can be done using the same technics of [17, 18] for n = 3 and will be a generalization of our previous work [19] , where the symmetry group is a one-parameter one.
The non-commutative supersymmetric case (sections 3 and 4) will be treated in the same fashion, with however, more care since it is essential first, to define a covariant supersymmetric derivative [27, 28] .
